We propose a method for miniaturization of filters based on curved waveguide Bragg gratings, so that long structures can be packed into a small area on a chip. This eliminates the stitching errors introduced in the fabrication process, which compromise the performance of long Bragg gratings. Our approach relies on cascading curved waveguide Bragg gratings with the same radius of curvature. An analytical model for the analysis of these devices was developed, and a filter based on this model was designed and fabricated in a silicon on insulator platform. The filter had a total length of 920 μm, occupied an area of 190 μm × 114μm , and exhibited a stop band of 1:7 nm at 1:55 μm and an extinction ratio larger than 23 dB. © 2010 Optical Society of America OCIS codes: 130.2790, 130.7408. Waveguide Bragg gratings find numerous applications ranging from semiconductor lasers to on-chip interconnects [1, 2] . More recent works have demonstrated the capability of wavelength tuning and dispersion engineering [3] [4] [5] [6] [7] , to name a few. After more than two decades of intensive research, chip-scale Bragg gratings remain appealing because of their high reflectivity and comparatively easy fabrication process. The bandwidth and the extinction ratio of the transmission spectrum are easily tailored by choosing an appropriate periodic perturbation strength, grating length, and apodization profile. Numerous applications require narrow bandwidth, achieved by long Bragg gratings with weak periodic perturbation, whose lengths exceed the typical lithographic write field. Whether the fabrication is done using electron-beam (e-beam) lithography or photolithography, the lithographic field is limited in size. Therefore, the performance of long Bragg gratings is compromised by the errors in the stitching of multiple fields [8, 9] . The capability of "packing" the long Bragg gratings into a given area is of utmost importance for miniaturization of filters, reflectors, photonic crystals, and other nanophotonic components.
Waveguide Bragg gratings find numerous applications ranging from semiconductor lasers to on-chip interconnects [1, 2] . More recent works have demonstrated the capability of wavelength tuning and dispersion engineering [3] [4] [5] [6] [7] , to name a few. After more than two decades of intensive research, chip-scale Bragg gratings remain appealing because of their high reflectivity and comparatively easy fabrication process. The bandwidth and the extinction ratio of the transmission spectrum are easily tailored by choosing an appropriate periodic perturbation strength, grating length, and apodization profile. Numerous applications require narrow bandwidth, achieved by long Bragg gratings with weak periodic perturbation, whose lengths exceed the typical lithographic write field. Whether the fabrication is done using electron-beam (e-beam) lithography or photolithography, the lithographic field is limited in size. Therefore, the performance of long Bragg gratings is compromised by the errors in the stitching of multiple fields [8, 9] . The capability of "packing" the long Bragg gratings into a given area is of utmost importance for miniaturization of filters, reflectors, photonic crystals, and other nanophotonic components.
In this Letter we propose the miniaturization of waveguide Bragg gratings into curved waveguide Bragg gratings, as shown in Fig. 1(a) . An arbitrary Bragg grating with a total length L can be packed into the desired area A using a cascade of curved waveguide Bragg gratings. Using the same radius of curvature R for all sections eliminates the need to adjust the period of the Bragg grating for each section separately, as the dispersion relation is identical for all sections. It is easy to verify that the layout shown in Fig. 1(a) attains packing efficiency, defined as the dimensionless parameter L= ffiffiffi ffi A p , of approximately ffiffiffiffiffiffiffiffiffiffiffiffiffiffi πL=4R p . Although more efficient packing schemes exist, it is obvious that a smaller radius of curvature is desirable. However, how small can the radius of curvature R be without having an impact on the optical properties of the grating?
To address this question, it is instrumental to consider a simpler structure, consisting of a periodic array of curved waveguide Bragg gratings, depicted in Fig. 1(b) . Each section has a shape of an arc with radius R, and the junctions between the sections are shown by broken red lines. These junctions are step discontinuities, where some scattering occurs because of the mode mismatch in two consecutive sections. The two sources of loss are therefore the scattering at the junctions and radiation losses owing to bending. As the radius of curvature gets smaller, both losses increase. We will next investigate the effect of decreasing the radius of curvature on the optical properties of the Bragg grating.
The transmission coefficient through the cascade of N identical curved Bragg gratings can be found using the transmission matrix approach. Following this approach, the field at any point along the structure is given by the superposition of two counterpropagating modes with amplitudes A and B. For a section of our structure, shown in Fig. 1(c) , the modal amplitudes at the input, A i and B i , can be related to those at the output, A iþ1 and B iþ1 , via the transmission matrix [10] :
where r ¼ B i =A i and t ¼ A iþ1 =A i (with B iþ1 ¼ 0) are the reflection and transmission coefficients, α is the powerloss coefficient, and the prime sign designates the complex conjugate. From energy conservation, it follows that jrj 2 þ jtj 2 þ α ¼ 1, and the determinant of the matrix equals unity. Equation (1) shows the general form of the transmission matrix of a reciprocal element. We will now find the transmission matrices for the two elements comprising our structure-curved Bragg gratings and the junctions between them.
For a section of curved-waveguide Bragg grating of length L b , the coefficients r and t in Eq. (1) can be found from the coupled-mode theory [2] :
Λ is the Bragg grating period, κ is the coupling coefficient, and β is the complex propagation constant of the mode. The transmission matrix of a curved Bragg grating is given by
where the subscript b stands for the Bragg grating. For zero losses (β is real and α b ¼ 0), the result is in full agreement with previous work [11] . The reflection and transmission coefficients, r j and t j , associated with the junctions, are found numerically. For a small mode mismatch, the transmission coefficient is real and the reflection can be neglected [12] . The transmission matrix of a junction simplifies to
where the subscript j stands for junction, and the power conservation requires t 2 j þ α j ¼ 1. Therefore, the transmission matrix for a junction is fully determined by the loss α j , which is obtained numerically as discussed below.
Transmission through a cascade of N curved Bragg gratings with discontinuities between them is described by the total transmission matrix T 0 ¼ ðT b T j Þ N . The matrix T 0 is obtained explicitly by diagonalization of the matrix T b T j , and the transmission coefficient through the cascade is calculated from the ð2; 2Þ element of matrix T 0 : 
The expression in Eq. (4) simplifies to a transmission coefficient of a straight Bragg grating with no losses when the following condition is met:
This is better understood by noticing that the left-hand side of condition 5 describes the amount of total loss in the entire structure. In other words, the condition assures no degradation of the insertion loss.
For demonstration of the proposed structure, we designed straight and curved waveguide Bragg gratings in a silicon on insulator (SOI) platform, with the dimensions shown in Fig. 2(a) . The advantage of SOI is a high index contrast, and therefore strong modal confinement and low bending loss. The relation between the distance of the bumps from the guide, G, and the coupling coefficient, κ, was found from three-dimensional FEM simulations and is shown in Fig. 2(b) . To obtain a filter with a target stop band of 1:6 nm, we chose the coupling coefficient κ ¼ 80 cm −1 and filter length 920 μm [13] . As Fig. 2(b) suggests, this coupling is achieved for distance G ≈ 100 nm between the guide to the bumps.
To analyze the losses (parameters α b and α j ), we simulated a resonator based on two curved waveguides with a junction, depicted in Fig. 2(c) . Perfect electric conductors were used as its mirrors so that the Q factor is defined solely by the internal losses, α b and α j . For a given curvature R, we simulated a resonator based on two curved waveguides joined together and compared the results to a resonator based on a single bent waveguide. By comparing the Q factors of the two resonators, it is possible to separate between the bending losses and the losses due to the scattering at the junction. The results are shown in Fig. 2(d) , where, to express the loss per unit length, we normalized the parameters α b and α j by the factor πR. The radius of curvature was chosen to be R ¼ 19 μm, for which the total loss is below 2 dB=cm, the fraction of power, α b þ α j , lost at a segment with a circumference of L b ¼ πR ≈ 60 μm is below 0.003, and, for a total of N ¼ 15 segments, condition (5) is satisfied. Therefore, according to the developed analytical model, the structure should exhibit a response identical to that of a straight grating of the same length.
Straight and curved waveguide Bragg gratings with a total length of 920 μm were fabricated on an SOI wafer, with Si thickness of 250 nm, on top of a layer of thermal oxide with a thickness of 3 μm, using e-beam lithography with a write-field size of 500 μm × 500 μm. Both structures had the same perturbation period Λ ¼ 333 nm and the same waveguide cross sections, as shown in Fig. 2(a) . The input and output waveguides were gradually tapered to the width of 110 AE 10 nm. The sample was then diced and cleaved across the tapered sections of the waveguide.
Transmission spectra were obtained by coupling a tunable laser source into the tapered waveguides on the sample through a tapered polarization-maintaining (PM) fiber. The output waveguide of the device, also tapered, was imaged through a free-space polarizer onto a detector connected to a power meter. The measured transmission spectra for the straight and curved Bragg gratings are shown in Fig. 3 by red crosses and black dots, respectively. The measured extinction ratio of both structures is higher than 23 dB, which is the limit, imposed by the PM tapered fiber. Both gratings exhibit a stop band width of 1:7 nm, which corresponds to κ ¼ 90 cm −1 . These parameters are slightly larger than those we used in the design (1:6 nm and κ ¼ 80 cm −1 ), owing to the deviation of waveguide widths from the designed values. The two devices exhibit similar spectral response, with a shift of ∼2:6 nm, attributed to the dispersion of the bent waveguide. Since the dispersion of a bent waveguide is known, this shift can be precompensated in the design stage to produce the stop band at the desired wavelength. Aside from the offset, the curved Bragg grating has a spectral response similar to that of a straight grating, as predicted by the developed model.
To summarize, we demonstrated straight and curved filters based on waveguide Bragg gratings. Both filters had a total length of 920 μm, a stop band of 1:7 nm, and an extinction ratio larger than 23 dB. The curved structure occupied an area of 190 μm × 114 μm, attaining packing efficiency of L= ffiffiffi ffi A p ≈ 6:2. Nevertheless, it exhibited the same performance as its straight counterpart. The proposed approach opens a route to avoid the stitching errors present in the typical lithographic process of long structures. The developed analytical model aims to assist in the design of such structures in the future. 27, L ¼ 920 μm, and n e ¼ 2:340 for the straight grating and n e ¼ 2:336 for the curved grating, with a constant background 23 dB below the signal.
